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Abstract

Industry 4.0 promises reductions in maintenance costs through access to digital technologies such as the

Internet of Things, cloud computing and data analytics. Many of the promised benefits to maintenance are,

however, dependent on the quality of the data obtained through sensors and related technologies. In this

work, we consider the effect of access to different levels of deterioration data quality, resulting in partial

information about the underlying state of the system being monitored, by means of sensors, on condition-

based maintenance policies. The sensors may be either internal company sensors, or more informative external

sensors of which access is obtained at a cost. We analyze the structure of the optimal policy, where the actions

are either to perform maintenance, to pay for external sensor information or to continue system operation

with internal sensor information only. We show that the optimal policy consists of at most four regions

based on the believed deterioration state of the system. The analysis allows us to numerically investigate

the decision maker’s willingness to pay for more informative external sensor information with respect to the

level of external sensor informativeness, when compared to that of the internal sensor, and the cost thereof.

Keywords: maintenance, multi-sensor data, condition-based maintenance, partially observable Markov

decision process

1. Introduction

Industry 4.0 and the Internet of Things bring with it increasing data and data acquiring opportunities.

Access to system data by means of sensors and other Industry 4.0 technologies allow for condition-based

maintenance (CBM). CBM is a maintenance policy whereby systems are preventively maintained according

to their perceived condition. The complete true deterioration state of the system being monitored, however,

may not always be inferred from sensor observations due to factors such as outside interference, inherent

limitations in sensor quality and misspecification in the system deterioration model. Information obtained

from sensors therefore typically only provide the decision maker with a partial representation of the real

state of the system. To overcome incomplete information, consulting firms such as PwC (Haarman et al.,

2018) and McKinsey (Manyika et al., 2015) report that, for CBM to deliver its maximum value, it should
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take a maximum of external sources into account. While increasing the number of data sources on which the

state prediction of a system is based may improve the prediction quality of an imminent system failure, the

increased information quality may still be stochastically related to the true state of the system and may not

necessarily justify the cost involved in acquiring and processing such information.

Saghafian et al. (2018) investigated costly information sharing between autonomous sensors to improve

sensor prediction quality by analyzing a general information-quality sensor communication framework. Their

work inspired us to understand the effect of such a setup in a CBM environment. In this work, we consider a

system whose deterioration is continuously measured by means of internal system sensors. Given the Internet

of Things, a number of other, external sensors may be connected and operating in the system environment.

These sensors may measure, for instance, the system’s production quality or the deterioration of equipment

connected to the system. Observations from both the internal and external sensors are stochastically related

to the exact deterioration state of the system, such that the true state is unknown to the decision maker. We

refer to the system as a partially observable system. The sensor observations are used to predict the unknown

deterioration state of the system. Observations from the external sensors may offer additional insights to that

of the internal sensors and, when combined, result in a more accurate system deterioration state prediction.

Access to external sensor data comes at a cost, however. Such costs may include acquisition costs if sensors

are owned by external entities or the setup cost of processing the additional sensor data. Depending on the

cost of the external sensor information and the difference in prediction accuracy, it may be cost optimal

to only acquire such costly external sensor information once the system has reached a particular believed

deterioration state. Delayed payment for external sensor information takes advantage of the internal sensor

at a time when the system is believed to be in a healthy state and not at a high risk of failure. The problem

may also be seen as one where the external information is obtained by means of a technician dispatched to

perform manual inspections on the system. While a technician visit may provide a more informative view on

the state of the system than the internal sensor, such information may still only partially relate to the true

state of the system due to inherent human errors. Technician visits are costly. Considering the prediction

quality of the internal sensor against technician and related costs, it may be cost optimal to compromise on

prediction accuracy to save on technician fees when the system is predicted to be in a good working condition.

With the objective to minimize the average long-run cost for the system being monitored, we determine

policies advising when it is cost optimal to obtain more informative yet costly external sensor information.

For ease of exposition, our definition of external sensor information may be seen as the system state prediction

indicator after combining the costless continuous internal sensor information with the external information.

Our use of the term external sensor information therefore includes the combination of both internal and

external sensor information, such that external sensor information is always at least as informative as internal

information. Similarly, external sensor information may encompass a set of different external sensors, whose

separate observations are combined into a single, more informative system state prediction indicator, with

costs adjusted accordingly. In what follows, we will focus on the effect and value of such external sensor

2



information on CBM policies. We refer the interested reader to Mitchell (2007) and Khaleghi et al. (2013)

for methods concerning sensor information fusion.

We adopt a partially observable problem setting for a single component that transitions between two

unobservable working states, a healthy and a warning state. The decision maker bases decisions on observa-

tions from the sensors that provide a probability that the system may be in one of the two working states

at any given moment. At any moment, a decision maker may decide to either perform maintenance, to

acquire external sensor information or to continue normal system operation with internal sensor information

only. For the case where the decision maker may choose between costless internal sensor information and

costly, but more informative, external sensor information, we show that the optimal policy consists of at

most four regions. The obtained policies result in easily interpretable control rules for choosing between

sensor information and maintenance decision making. We present numerical analyses and visualizations of

the implications of different levels of informativeness on the optimal maintenance decisions. The analysis

allows for the determination of a decision maker’s willingness to pay for external sensor information.

We finally provide an extension of the problem setting to allow for multiple external sensor options. The

extension demonstrates the cost improvements that may be achieved by policies resulting from such complex

problems. Nonetheless, there exist settings for which the cost improvements may be minor and may not

outweigh the increased complexity of the optimal policy.

2. Literature review

Some of the earliest work on informativeness in the partial information setting dates back to Monahan

(1980, 1982) and Lovejoy (1987). Monahan (1980) investigated the expected value of information for varying

levels of informativeness in a partial information environment. Monahan (1982) found that, with increasing

informativeness, the optimal value function for his model based on partial information is non-decreasing and

convex. Lovejoy (1987) obtained monotonicity results for informativeness in a partial information environ-

ment, providing insights into when one observation set is more informative than another. The informative-

ness of the sensor observations are further motivated by Lévesque & Maillart (2008) and Van Oosterom et al.

(2017). In their work, Lévesque & Maillart (2008) investigated the effect of costly, partial information ob-

servations (not by means of sensors) of varying informativeness on the assessment of business opportunities,

such as diamond mining. The authors showed that the optimal policy consists of a pair of threshold values

governing the acceptance or rejection of such an opportunity. Decreasing sensor informativeness over time

was investigated by Van Oosterom et al. (2017). The authors jointly optimized and analyzed the maintenance

of a system and its deteriorating sensor. In a multi-sensor environment where the sensors’ informativeness

is known and unique, but the underlying inference models for the sensors may differ, Saghafian et al. (2018)

found that each sensor will eventually acquire information from a constant sensor set. The authors showed

that the set consists of a single unique sensor when sensor qualities are asymmetric.

While our work touches upon the value of information in maintenance decision making, a wealth of
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related literature exists in fields other than operations management, most notably in economics of information.

Considering a payoff maximising decision maker facing uncertainty given access to observations from a defined

information structure, Radner & Stiglitz (1984), Chade & Schlee (2002) and De Lara & Gilotte (2007)

determine conditions for the non-concavity in the value of information and their effect on informativeness

and payoff. Weibull et al. (2007) provide non-monotonicity results in which it may not always be optimal for

a decision maker to choose observations from the most informative option in a given set.

De Jonge & Scarf (2020) recently conducted a comprehensive review on maintenance optimization, pro-

viding a classification framework for both single- and multi-component systems. Typically, maintenance

optimization seeks to find optimal threshold policies so as to allow for simplified maintenance decisions. In

their work, Poppe et al. (2018) numerically optimized a CBM policy of multi-components by using a two

threshold structure. Due to the sequential decision making nature of the maintenance problem, dynamic pro-

gramming or Markov decision processes (MDPs) are commonly used for maintenance optimization (see for

instance Olde Keizer et al. (2016)). When the true state of the system being monitored is only stochastically

related to the monitoring process, a partially observable Markov decision process (POMDP) formulation is

applied. In contrast to an MDP, where the system state is known with certainty, a POMDP depends on the

belief that the system is in a particular deterioration state. We refer the interested reader to the book by

Powell & Ryzhov (2012) for a comprehensive discussion on the different decision making methodologies in

the presence of partial information. Considering POMDPs, the work closest to ours is the seminal work by

Ross (1971). The author showed that the optimal POMDP maintenance policy for a system with partial in-

formation updating and perfect information from inspections consists of at most four regions. In the results,

the optimal maintenance and inspection regions are separated by regions where it is cost-optimal for the

decision maker to continue system operations without interference. Ohnishi et al. (1986) and Kim & Makis

(2013) similarly determined that the optimal information sampling and maintenance optimization problem

consists of at most four regions. Ohnishi et al. (1986) consider the problem where a decision maker can

choose between three actions, which are either to continue system operation with incomplete information,

to perform a perfect inspection at a cost, or to replace the system. In the work of Kim & Makis (2013),

the decision maker can choose between either imperfect system state sampling, perfect system inspection

and maintenance if necessary or continue system operations with no new system state information. Our

work differs to that of Ohnishi et al. (1986) in that we have that external sensor information improves on the

informativeness of the internal sensor, but which is still (typically) imperfect. Our work differs to that of Kim

& Makis (2013) in that they only receive system state information when the action is to sample (imperfect

information) or to inspect the system (perfect information), whereas we have constant system updating by

means of the internal sensor.

A POMDP may be translated into a fully observable MDP by translating the belief states of the POMDP

into the actual states of the MDP. Advantage may then be taken of existing MDP solution algorithms. Upon

a POMDP translation, the MDP is no longer partially observable as the belief state is known at any decision
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epoch. The resulting state space of the belief MDP will be continuous, however, since the POMDP beliefs are

defined on the interval [0, 1]. This continuous state space increases the complexity of solving the MDP. Early

work in translating partially observable problems into MDPs are Monahan (1980, 1982). The author modeled

a POMDP as an optimal stopping problem, which may be interpreted as determining the optimal threshold at

which to stop the system to perform maintenance. Monahan highlighted that the main difference between the

maintenance problem and the stopping problem is its time horizon, given positive costs. While the stopping

problem will end in a finite length of time, the maintenance problem typically has an infinite horizon. The

model of Lévesque & Maillart (2008) is similarly an application of optimal stopping in a POMDP. Makis

& Jiang (2003) transformed their POMDP into an MDP by means of a smooth semi-martingale process.

They proved optimality of the maintenance policy and used an algorithm based on λ-minimization (Aven &

Bergman, 1986) and the convergence properties of the value functions to solve the problem. Kim & Makis

(2013) and Maillart et al. (2018) used a renewal process to model the maintenance optimization problem

as an optimal stopping problem. As in our work, the authors translated their POMDP into an MDP by

means of the λ-minimization technique (Aven & Bergman, 1986) and showed that the optimal policy over

the infinite horizon consists of at most four and at most three regions, respectively. Our modeling approach

is inspired by that of Kim & Makis (2013), Naderkhani & Makis (2015) and Maillart et al. (2018).

3. Problem description and formulation

We aim to find a set of decision rules governing the actions taken by the decision maker, referred to

as a policy, that minimizes the expected long-run average maintenance cost per running hour. System

deterioration may usually be separated into two distinct phases: a longer, gradual degradation phase and

a shorter degradation phase with a clear non-negligible increase in the failure rate of the system. We refer

to the shorter phase as the warning state (state 1) as it is in this phase that unexpected system failure is

most likely. The longer phase is referred to as the healthy state (state 0). Such a two-state model is similar

to a delay time model used in engineering (Christer, 1999). The true state of the system cannot be directly

inferred from the sensors used, such that we model the system operating states, healthy and warning, as

unobservable operating states. The failure state is observable. We formulate the problem as a POMDP. We

have that the state process {Xt, t ∈ R+} is a continuous time homogeneous Markov chain with 2 unobservable

working states, SX = {0, 1}, where 0 refers to the healthy state and 1 to the warning state. We refer to the

observable failure state as state 2, such that the state space is SX ∪ {2}. For ease of reference, we provide a

list of the frequently used notation in Appendix A.

Decisions about maintenance and external sensor information acquisition are made at discrete time points,

referred to as decision epochs. Since external sensor information is solicited from external sources, we may

assume that there is a delay in the acquisition of such information. The decision epoch length may be set

accordingly such that observations from either the internal or the external sensor becomes available at the

start of the next decision epoch. We let τ be the running hours that elapse between two consecutive decision
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epochs. At every decision epoch, the decision maker may choose to stop system operations and perform

preventive maintenance that restores the system to an as-good-as-new state, or to continue system operations

and possibly acquire external sensor information in addition to the internal system sensor information. The

acquired external sensor information becomes available at the next decision epoch. The external sensor

information provides a more accurate estimation of the actual deterioration state of the system, healthy or

warning, when compared to the internal system sensor information. The decisions are made based on a

univariate probability that the system is in the warning state. Given that n decision epochs have passed

since the last preventive or corrective maintenance action, and given all the available sensor information up

to decision epoch n, we define the univariate probability as Tn = π. We also refer to π as the belief state.

The univariate belief state, π, resulting from our two working states model (excluding the observable

failure state), allows for maintenance policies that may be easily visualized and interpreted by decision

makers. While the problem setting with more than two working states, one healthy and one warning state,

may be studied, the univariate belief state will increase in dimensionality accordingly. Visualization and

interpretation will therefore become more complex which, in turn, decreases the odds of buy-in and adoption

of the model in practice. Additionally, such a multi-dimensional dynamic program is known to be PSPACE

hard (Papadimitriou, 1995). As a result, analytically determining the relevant decision making thresholds

becomes extremely difficult, if possible at all. Examples of work including only two working states in partially

observable environment include Kim & Makis (2013), Van Oosterom et al. (2017) and Maillart et al. (2018).

We refer to the three actions available to the decision maker as either to continue system operations for

another epoch with internal sensor information only (action one). Action two is to acquire information from

external sensors at a cost of CS > 0. The final action is to perform preventive maintenance at a cost of

CM > 0 (action three). The system is immediately replaced upon failure at a cost of CF > 0. We have that

CF > CM > CS > 0. While this is a realistic assumption, we show in Lemma 2 that, should CF > CM not

hold, preventive maintenance will never be performed in the optimal policy.

We refer to the sensor information obtained at a decision epoch, from either the internal system sensor or

the external sensor, as an observation. The system observation obtained at decision epoch n for the internal

sensor is denoted as Yn ∈ {1, 2, . . . ,M} = SY and Zn ∈ {1, 2, . . . , N} = SZ for the external sensors. We

have that N and M are not necessarily equal. The larger the observation in Yn and Zn at decision epoch

n, the likelier it is that the system is in the warning state (state one). Each possible observation from the

internal and external sensors is stochastically related to the true underlying state of the system, which is

either healthy or warning. We assume that this relationship is known and refer to it as the state-observation

matrix. For examples of how to use data to determine the state-observation matrices, we refer the interested

reader to Uit Het Broek et al. (2019) and Maillart et al. (2018). We use

D = (diy)2×M (1)

to denote the state-observation matrix for the internal sensor, where diy = P (Yn = y|Xn = i), for i ∈ SX , y ∈

SY is the probability of observing y from the internal sensor while the system is in the unobservable true
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state i. Likewise, we denote the state-observation matrix for the external sensors as

G = (giz)2×N (2)

where giz = P (Zn = z|Xn = i), for i ∈ SX , z ∈ SZ is the probability of observing z from the external sensor

while the system is in the unobservable true state i. The smaller the observation received from either sensor

type, the more likely it is that the system is in the healthy state (state 0). This relationship implies that the

state-observation matrices are totally positive of order 2 (TP2). State-observation matrix G (D) is said to be

TP2 if g1z+g0z− ≥ g1z−g0z+ (d1y+d0y− ≥ d1y−d0y+) holds for z+ ≥ z− (y+ ≥ y−) (Karlin, 1968).

We model the system deterioration as a continuous process. We define the instantaneous system state

transition rates, with the instantaneous rate of the system transitioning between the unobservable healthy

and warning states and the observable failure state, as qij = limτ→0+
P (Xτ=j|X0=i)

τ < +∞, i 6= j ∈ SX ∪ {2},

with resulting matrix

Q = (qij)3×3. (3)

Note that

qii = −
2∑
j=0

qij i 6= j.

The state sojourn times are assumed to be exponential (Tijms, 1994) with parameter νi =
∑
j qij , for all

i, j ∈ S and i 6= j such that ν0 = q01 + q02 and v1 = q12. The assumption ensures non-decreasing and

monotonic deterioration. Additionally, with the exponential assumption, the state transition rate matrix

Q is upper triangular with qij = 0 for all j < i and qi2 ≤ qj2 for all i < j. From the instantaneous state

transition matrix Q and (Tijms, 1994, Sec. 2.8), we can obtain the transition probability matrix, P , governing

the transitions between the unobservable healthy and warning states and the observable failure state between

decision epochs with duration τ , where pij(t) = P (Xt = j|X0 = i), for all i, j ∈ SX ∪ {2} follows as

P (τ) = pij(τ) =


e−v0τ q01(e−q12τ−e−v0τ )

v0−q12 1− e−v0τ − q01(e−q12τ−e−v0τ )
v0−q12

0 e−q12τ 1− e−q12τ

0 0 1

. (4)

For any t ∈ [0, τ ], the system’s reliability is given as

R(t|π) = (1− p02(t))(1− π) + (1− p12(t))π, (5)

and may be interpreted as the probability that the system will not fail within the next t time units given

that the system has not yet failed with probability 1− p02(t)− p12(t) and conditional on the probability, π,

of being in the warning state (state 1).

At the beginning of every decision epoch n, a new observation, Yn or Zn, from either the internal or

external sensors, respectively, is made available. The observation is used to determine, by means of Bayes’

rule, the posterior probability that the system is in the warning state given the current belief state, Tn = π.
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We update the belief state similarly for actions one and two (respectively continue normal system operations

with internal sensor observations, and acquire external sensor information), as

Tn+1(π|Yn+1) =
d1Yn+1

(p01(τ)(1− π) + p11(τ)π)

d0Yn+1
p00(τ)(1− π) + d1Yn+1

(p01(τ)(1− π) + p11(τ)π)
(6)

and

Tn+1(π|Zn+1) =
g1Zn+1(p01(τ)(1− π) + p11(τ)π)

g0Zn+1
p00(τ)(1− π) + g1Zn+1

(p01(τ)(1− π) + p11(τ)π)
. (7)

In line with Bayes’ rule, we have that the numerator of Eq. (6) is the product of the probability of observing

Yn+1 given that the system is in the unobservable warning state, d1Yn+1
, and the probability of being in the

warning state at a belief state value of π, which is p01(τ)(1 − π) + p11(τ)π. The denominator of Eq. (6) is

the probability of observing Yn+1 regardless of the underlying state of the system. Eq. (7) follows similarly.

The updated belief states are also used to determine a threshold a ∈ [0, 1] for which it is possible

to distinguish sensors according to informativeness. We provide an intuitive description of distinguishing

between informativeness, after which we present a less restrictive definition which we will use in our analysis

in Section 4. We let “high” sensor observations correspond to observations for which the updated posterior

probability that the system is in the warning state is above such a threshold a. Recall that external sensor

observations are more informative than internal system sensor observations, encouraging the willingness to

pay for the external information. Using Blackwell (1951), Monahan (1980) and Lévesque & Maillart (2008),

we define external state-observation matrix G to be more informative than internal state-observation matrix

D, denoted as G � D, if and only if, for all values of the belief state π and a threshold a ∈ [0, 1],

z(π,a)∑
z=1

g0z ≥
y(π,a)∑
y=1

d0y (8)

and
N∑

z=z(π,a)+1

g1z ≥
M∑

y=y(π,a)+1

d1y. (9)

Observation y(π, a) = max{y : T (π|y) ≤ a}, is the maximum internal sensor observation y for which the

posterior probability that the system is in the warning state, given y, is at most as great as threshold a.

Similarly, z(π, a) = max{z : T (π|z) ≤ a}. From Eqs. (8) and (9), state-observation matrix G is more

informative than D, G � D, if, for all thresholds a, the following two statements hold. Firstly, given that

the system is in the warning state, the decision maker is more likely to observe “high” observations under G

than under D. Secondly, given that the system is in the healthy state, the decision maker is more likely to

observe “low” observations under G than under D. A less restrictive definition,

a(1− π)

z(π,a)∑
z=1

g0z + π(1− a)

N∑
z=z(π,a)+1

g1z ≥ a(1− π)

y(π,a)∑
y=1

d0y + π(1− a)

M∑
y=y(π,a)+1

d1y, (10)

describes the relationship G � D in one equation.

From POMDP theory (Bertsekas & Shreve, 1978; Monahan, 1980) and our two-state formulation, we have

that Tn, the univariate probability that the system is in the warning state given that it has not failed up to
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decision epoch n and given all the acquired sensor observations up to decision epoch n, represents sufficient

information for decision making at the nth decision epoch. We let ∆ be the class of all stationary policies.

Any stationary policy δ ∈ ∆ with δ(π) ∈ {1, 2, 3}, δ(π) indicates the action to be taken for Tn = π.

Recall that the objective is to minimize the expected long-run maintenance cost of the system. We define

C(δ) and L(δ) as the expected total cost incurred in one maintenance cycle and the expected length of

a maintenance cycle, respectively. A maintenance cycle consists of the time between any two consecutive

maintenance actions, be it corrective or preventive. Using renewal theory, the stopping problem

ET0
[C(δ)]

ET0 [L(δ)]
, (11)

is minimized to obtain the optimal stationary policy δ∗ ∈ ∆ that minimizes the expected long-run cost per

running hour, if it exists. We have that ET0
is the conditional expectation given T0, the univariate initial

state distribution. Since a maintenance action restores the system to an as-good-as-new state, we have that

T0 = [0]. We apply the λ-minimization technique developed in Aven & Bergman (1986) to transform Eq. (11)

into an additive function, allowing for the POMDP belief states to be translated into the actual states of an

MDP, with parameter λ > 0. The parameter λ is the expected cost per running hour. The value function

V λ(π) = inf
δ∈∆

Eπ[C(δ)− λL(δ)], (12)

results, in which we aim to minimize the difference between the expected cost incurred in a maintenance cycle

and the product of the expected length of such a cycle with λ. We use the additive formulation in Eq. (12)

to simplify the calculation of λ and, by minimizing λ, we minimize V λ(π). The value functions therefore

depend on the value of λ. The optimal stationary policy δ∗ ∈ ∆ follows as the minimization of Eq. (12) for

λ = λ∗, with λ∗ = inf{λ > 0 : V λ(T0) ≤ 0}, the optimal expected average cost per running hour. To simplify

notation, we denote V (π) instead of V λ(π) throughout the remainder of the paper. Instead, we use V 1(π),

V 2(π) and V 3(π) to denote the value function obtained when either of the three allowable actions are taken.

For the finite horizon maintenance problem, Eq. (12) satisfies the dynamic equations

Vm(π) = min{V 1
m(π), V 2

m(π), V 3
m(π)}, (13)

where V .m(π) denotes the state-action value functions for the three separate actions with at most m decision

epochs remaining before preventive maintenance is performed. From Eq. (13), we have, for all values of π

and a fixed λ, that Eq. (12) is the minimum value function over the three different actions. The terminal

value function, V0(π), follows as

V0(π) = CM . (14)

In Eq. (13), action one, to continue normal system operations for another epoch with internal sensor informa-

tion only, is described by V 1
m(π). Using the difference between the expected cycle costs and the expected cycle

length of Eq. (12), action one results in the cost of corrective maintenance should the system fail between
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decision epochs, the mean time to failure of the system during that decision epoch, and the continuation

cost should the system not fail between epochs. The value function obtained from action two, V 2
m(π), is

described similarly to that of action one. The difference between V 1
m(π) and V 2

m(π) is that V 2
m(π) includes

the cost of acquiring information from the external sensor and that the continuation cost is updated using

the more informative state-observation matrix G. Finally, action three is described by V 3
m(π) and results in

the cost incurred upon maintenance of the system. Recall that, without loss of generality, we assume that a

maintenance action is instantaneous. The result is that the expected cycle time for action three is negligible.

The value functions are formulated as

V 1
m(π) = CF (1−R(τ |π))− λ

∫ τ

0

R(u|π)du+R(τ |π)
∑
y∈SY

Vm−1(T (π|y))φ(y, π), (15)

V 2
m(π) = CS + CF (1−R(τ |π))− λ

∫ τ

0

R(u|π)du+R(τ |π)
∑
z∈SZ

Vm−1(T (π|z))φ(z, π) (16)

and

V 3
m(π) = CM . (17)

Since an observation is only partially related to the true underlying state of the system, the function φ(., π)

in Eqs. (15) and (16) is required. The function describes the probability of obtaining observation Yn+1 = y

for φ(y, π) or Zn+1 = z for φ(z, π), given a belief state value π and is given as

φ(y, π) =
d0yp00(τ)(1− π) + d1y(p01(τ)(1− π) + p11(τ)π)

R(τ |π)
(18)

for the internal sensor observations. For the external sensors, we have

φ(z, π) =
g0zp00(τ)(1− π) + g1z(p01(τ)(1− π) + p11(τ)π)

R(τ |π)
. (19)

4. Model analysis

In order to determine whether an optimal stationary policy, δ∗ ∈ ∆, governing the decision maker’s

actions which minimizes the expected average long-run maintenance cost, exists, we characterize the form

of the infinite horizon value function, V (π), in this section. We begin with properties describing the finite

horizon value function, Vm(π), of the m-decision epoch problem. (We relegate the proofs of all Lemmas,

Theorems and Corollaries to Appendix B.)

Lemma 1. The finite horizon value functions, Vm(π), are concave in π for every m ≥ 0 and are uniformly

bounded from below by

Vm(π) ≥ − λτ

1−R(τ |0)
.
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From V0(π) = V 3
m(π) = CM and Eq. (13), we have that CM ≥ Vm(π). Moreover, with m epochs remain-

ing until a preventive maintenance action is performed, it follows that Vm(π) ≥ Vm+1(π). Together with

Lemma 1, we have that the infinite horizon value function can be obtained as the limit V (π) = limm→∞ Vm(π).

We next provide a condition for which, given an optimal policy, the decision maker will never stop the system

to perform preventive maintenance.

Lemma 2. For 0 < CF < CM , any policy that stops the system to initiate preventive maintenance is not

optimal.

Since the external sensor is more informative than the internal sensor, it follows from Eqs. (15) - (17)

that, for costless sensor information, CS = 0, V 2(0) < V 1(0) < V 3(0). For such a case, the optimal action

for a belief state of π = 0 is to acquire external sensor information. We next show that, for some CS > 0,

the optimal action is also to acquire external sensor information when the belief state π = 0.

Lemma 3. There exists a CS > 0 for which V 2(0) < V 1(0).

While the exact value of the external sensor cost, CS , for which it holds that V 2(0) < V 1(0), cannot

be exactly derived from Lemma 3, the unconventional possibility of V 2(0) < V 1(0) has an impact on the

optimal maintenance policy. For the conventional setting of V 1(0) < V 2(0) < V 3(0), Lemmas 1-3 allow a

description of the optimal policy for the infinite horizon problem setting:

Theorem 1. For V 1(0) < V 2(0) < V 3(0), the optimal infinite horizon policy is characterized by three

thresholds, π∗L, π∗U and π∗M , where 0 ≤ π∗L ≤ π∗U ≤ π∗M ≤ 1.

From Theorem 1, we have that the optimal policy for our POMDP has an at most four region structure,

in line with literature (Ross, 1971; Kim & Makis, 2013). The three thresholds may be interpreted as follows.

We refer to the smallest (largest) belief state for which action two, to solicit more informative external

sensor information to increase the prediction accuracy of the system belief state, is optimal as the lower

(upper) sensor threshold, π∗L (π∗U ). The smallest belief state for which action three, to perform preventive

maintenance, is optimal is referred to as the preventive maintenance threshold, π∗M . For any other values of

π, action one, to continue normal system operations with internal sensor information only, is optimal.

Figure 1 illustrates how the optimal policy may be represented by means of a control chart in the belief

state of the system, governing the maintenance decisions. The decision maker should perform preventive

maintenance (action three) when the belief state π is in the region π ∈ [π∗M , 1]. The decision maker should

acquire costly, but more informative, external sensor information (action 2) when the belief state π is in the

region π ∈ [π∗L, π
∗
U ). For all other values of the belief state π, the decision maker “does nothing,” i.e. does

not perform maintenance on the system nor acquires external sensor information.

While, in Theorem 1, we have shown the existence of the thresholds at which the optimal actions change, it

is not possible to determine closed-form expressions due to the partial information from the system updating.

The thresholds are therefore solved for numerically using an algorithm presented in Appendix C. The smallest
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Figure 1: The optimal policy may be represented as a control chart in the belief state of the system, governing the maintenance

decisions according to at most three thresholds: π∗L, after which to acquire external sensor information; π∗U , after which to

continue system operations with only internal sensor information; and π∗M , after which to perform preventive maintenance.

belief state at which a decision maker is willing to pay for external sensor information, π∗L, is dependent on

both the difference in informativeness between the internal and external sensor, as well as the cost of acquiring

the external information. A significant improvement in informativeness due to the external sensor, especially

when internal sensor informativeness is unreliable, a low sensor information cost, or a combination of both,

leads to a low threshold level π∗L. While paying for external information at a low belief state that carries

a low risk of unexpected failures may seem counter-intuitive, such information may provide a more reliable

view on the actual state of the system for maintenance planning purposes in the long run. The greater the

improvement in informativeness and the lower the cost of external sensor information, the lower the belief

state will be at which a decision maker is willing to pay for external sensor information.

From Theorem 1, it is possible that a second, also counter-intuitive, region exists where the decision

maker is not willing to pay for external sensor information. This region is found between the external sensor

information region and the preventive maintenance region, as shown in Figure 1 between π∗U and π∗M . As the

belief state approaches the maintenance threshold π∗M , it may be optimal for the decision maker to not pay

for external sensor information. By definition, a high belief state refers to a high probability that the system

is in the warning state, and intuition would suggest to pay for external sensor information so as to obtain

an as-reliable-as-possible belief state about the system. However, in this second region between π∗U and π∗M ,

the marginal gain of improved belief state predictions resulting from more informative, but costly, external

sensor information is outweighed by the marginal cost of paying for such information.

A sample belief state path may also be seen in Figure 1. According to this path, at decision epochs

zero, one, three and seven, the optimal decision is to continue normal system operations with internal sensor

information only. For decision epochs two, four to six, eight and nine, the optimal decision is to acquire

more informative external sensor information. Finally, at decision epoch ten, the system is believed to be
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sufficiently deteriorated such that the optimal action is to perform maintenance. From the figure it may also

be seen that a decision maker does not necessarily continue to pay for external sensor information once the

lower sensor threshold, π∗L, is reached. Instead, as seen from decision epochs two and three, a more informative

external sensor observation may result in a belief state that falls below the lower sensor threshold. The result

is that the optimal action is again to continue system operations with internal sensor information only.

Recall, for CS = 0, that V 2(0) < V 1(0) < V 3(0). Given that CS = 0, the decision maker will not make

use of internal sensor information only. The problem then reduces to a two region optimal maintenance

policy with one threshold, where π∗L = 0 and π∗U = π∗M . Here, the allowable actions are either to acquire

external sensor information or to perform maintenance. Similarly, when the cost of acquiring external sensor

information exceeds the cost of corrective maintenance, CS > CM , we know from Eqs. (15) - (17) that

V 1(0) < V 3(0) < V 2(0) and the decision maker will never solicit external sensor information. The optimal

policy then reduces to two regions with one threshold, where π∗L = π∗U = π∗M . Here, the allowable actions

are either to continue normal system operations with internal sensor information only and run the system

for another decision epoch or to stop the system to perform maintenance.

From Lemma 3, we have that, for some positive value of CS , V 2(0) < V 1(0) < V 3(0). In the next

result, we use Lemma 3 to show that the optimal policy consists of at most three regions when, for some

0 < CS < CM , we have V 2(0) < V 1(0) < V 3(0).

Theorem 2. For V 2(0) < V 1(0) < V 3(0), the optimal maintenance policy consists of at most three regions

and two thresholds, π∗U and π∗M .

From Theorem 2 we have, given V 2(0) < V 1(0) < V 3(0) holds, that, for 0 ≤ π∗U ≤ π∗M ≤ 1, the optimal

action is to pay for external sensor information if π < π∗U , to continue normal system operations with internal

sensor information only if π∗U ≤ π < π∗M and to perform preventive maintenance if π ≥ π∗M . For most problem

instances it may be, however, that the optimal maintenance policy consists of two regions. Specifically, given

a sufficiently large difference between corrective maintenance cost, CF , and preventive maintenance cost, CM ,

the normal system operations with internal information only region may fall away such that there is only

one threshold, 0 ≤ π∗M ≤ 1. In such instances, the optimal action is to pay for external sensor information if

π < π∗M and to perform preventive maintenance if π ≥ π∗M .

Recall that the external sensor observations from G are more informative than that of the internal sensor

observations from D. We next investigate how a change in the informativeness of the external sensor state-

observation matrices G impacts the optimal policy. To do so, we first show that the belief state updating of

the system is non-decreasing in the observations from either state-observation matrix G or D.

Lemma 4. The posterior probability functions, T (π|y) and T (π|z), are non-decreasing in y and z, respec-

tively, for all π ∈ [0, 1] if and only if the observation probability matrices D and G are TP2.

Using Lemma 4, the following result provides insights into the optimal regions under different levels of

external sensor informativeness:
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Theorem 3. For identical problem instances but with different TP2 external sensor state-observation prob-

ability matrices, G and G̃, where G � G̃ and the conventional V 1(0) < V 2(0) < V 3(0), we have

1. V (π) ≤ Ṽ (π), ∀π.

2. π∗L ≤ π̃∗L, π̃∗U ≤ π∗U and π̃∗M ≤ π∗M .

From V (π) ≤ Ṽ (π),∀π in Theorem 3, we have that the optimal average long-run cost per running hour,

λ∗, is greater for the less informative matrix G̃ than for matrix G. Theorem 3 also shows that, should the

external sensor informativeness increase with no change in cost and given that the optimal policy consists of

four regions with thresholds 0 ≤ π∗L ≤ π∗U ≤ π∗M ≤ 1 as described in Theorem 1, three changes in the optimal

policy regions will be observed. Firstly, as π∗L decreases and π∗U increases, the two normal system operations

with internal sensor information only regions will become smaller and may eventually disappear. Secondly,

the external sensor information region will become larger. An increase in the external sensor observation

interval will result in more accurate belief state predictions, reducing the risk of unexpected failures. However,

due to the stochastic nature of the belief state updating, it does not necessarily mean that the system running

time spent in this interval will increase. Thirdly, as π∗M increases, the preventive maintenance region will

become smaller, such that preventive maintenance is postponed to a larger belief state π. Again, an increase

in the preventive maintenance threshold does not necessarily mean that the system running time between

preventive maintenance actions will increase, but rather that belief state updating accuracy will improve.

The problem setting may be extended to include multiple different external sensors for which informa-

tiveness is known to hold according to Eq. (10) between all the observation matrices for the different sensors.

For the setting where all external sensor costs are equal, it is easy to show, using Theorem 3, that the opti-

mal policy will still consist of at most four regions and the most informative external sensor will always be

chosen when it is optimal to acquire external information. The result aligns with the findings in Saghafian

et al. (2018) that a single external source will be chosen in the long run and under specific informativeness

conditions. While our problem setting is more specific than the one studied by Saghafian et al. (2018), their

work considers not only the quality of the sensors, but also the level of understanding of the underlying

inference models applied to the sensor information. In the problem studied by Saghafian et al. (2018), the

most informative sensor may therefore not be the sensor source chosen in the long run.

For the case where the decision maker has access to W +1 external sensors with different acquisition costs

and increasing as external sensor informativeness increases, we let G = {G0,G1,G2, ...,GW }, be the set of

external sensor state-observation matrices, ordered according to informativeness. Note that G0 refers to the

original state observation matrix G. We let the cost for acquiring information from a sensor in the updated

set, Gw ∈ G, be CS,Gw . As the matrices are ordered according to informativeness, CS,Gw−1
< CS,Gw holds for

all the matrices inG. We let V 2,Gw be the value function for consulting external sensor information (action 2)

with state-observation matrix Gw ∈ G. From Theorems 1 and 3, we can derive the following result:

Corollary 1. For V 1(0) < V 2,Gw(0) < V 3(0), where Gw ∈ G, the optimal infinite horizon three threshold
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policy is extended by up to W − 1 thresholds, π∗Gw , for every Gw ∈ G. The thresholds are in addition to the

thresholds, π∗U and π∗M , where 0 ≤ π∗Gw ≤ π
∗
U ≤ π∗M ≤ 1 and for every Gw ∈ G.

Note that the threshold π∗G0 is analogous to π∗L from Theorem 2. From Corollary 1 we have that, when

the cost of obtaining external sensor information increases with informativeness, such that CS,Gw−1 < CS,Gw

∀Gw ∈ G, and when V 1(0) < V 2,Gw(0) < V 3(0) holds ∀Gw ∈ G, there exist thresholds π∗Gw in [0, π∗U ) at which

it is optimal to acquire information from external sensors Gw ∈ G. However, even if costs are chosen such

that CS,Gw−1
< CS,Gw holds for all the state-observation matrices in G, the resulting thresholds may not be

of the form π∗Gw−1
< π∗Gw . The exact relationship depends on the trade off between the informativeness of the

sensors and the cost thereof. We already note from our numerical analysis that an increase in the number

of sensors to solicit information from may increase the value of external information, thereby reducing the

average long-run cost per running hour. However, the added value of such a complex policy may, in some

cases, be quite small and may therefore not be worth the effort required to implement in practice.

5. Numerical example

In this section, we numerically illustrate the working of our model. While the main goal of the section

is to illustrate our analytical results in Theorems 1 - 3, we extend the numerical analysis of Theorem 3 to

include a decision maker’s willingness to pay for external sensor information in Section 5.4. In Section 5.5, we

extend the numerical analysis of Corollary 1 to consider a case when informativeness does not hold between

multiple external sensors. We implement the model and obtain the threshold values using an algorithm based

on λ-minimization (Kim & Makis, 2013; Maillart et al., 2018) and refer to Appendix C for the pseudocode.

5.1. Preliminary setup

Recall that the observed deterioration observations Yn ∈ {1, 2, . . . ,M} in Section 3 and Zn ∈ {1, 2, . . . , N}

are assumed to be discrete. For most systems, however, the deterioration values may be continuous. Several

approaches may be applied to discretize the sensor observations. In their work, Uit Het Broek et al. (2019)

partitioned their continuous deterioration observations into a pre-specified number of equally sized intervals

between the as-good-as-new state and the failure state. Alternatively, and in order to take advantage of the

system deterioration pattern, cluster analysis may be used. Maillart et al. (2018) used the K-means cluster

analysis algorithm to partition their continuous deterioration observations into discrete observations.

To determine the instantaneous transition rate matrix for the true system states as well as the state-

observation matrix that generated the internal sensor observation sequences, hidden Markov model techniques

such as the expectation-maximization algorithm may be used. If historical external sensor data is available, a

similar approach may be followed to determine the state-observation matrix for external sensor observations.

5.2. Numerical problem setup

After the data pre-processing, our model may be used to determine the optimal policy that minimizes λ,

the long-run expected cost per running hour for the system given internal and external sensor observations.
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For our stylized example, we assume the following cost structure. We let the preventive maintenance cost

be CM = 700 and the corrective maintenance cost be CF = 2.5CM . We vary the external sensor cost

in increments of 5 between CS = [0, 100] to illustrate Theorems 1 and 3, and to investigate the effect

on the optimal policy. For CS > 100, external sensor information is too expensive for the chosen state-

observation matrices such that the decision maker will make use of internal sensor information only. To

illustrate Theorem 2, we instead use CF = 3.5CM and CS = 15.

For the state-observation matrices of the internal and external sensors, we let

D =

 0.46 0.30 0.24

0.27 0.27 0.46

 and G =

 0.51 0.49 0.00

0.13 0.14 0.73

.
We have, for instance, that obtaining observation one while the system is in the healthy state is likelier for

matrix G, the external sensor state-observation matrix, with a probability of 0.51, than for matrix D, the

internal sensor matrix, with a probability of 0.46. Likewise, the probability of obtaining observation three

while the system is in the healthy state is smaller for G, at 0.00, than for D, at 0.24. Using Eq. (10), matrix

G is more informative than matrix D for all values of π and a ∈ [0, 1].

The time that elapses between decision epochs, τ , is set as 48 running hours and we let the transition

probability matrix between the healthy, warning and failure state at each decision epoch, be

P (48) =


0.79 0.17 0.04

0.00 0.68 0.32

0.00 0.00 1.00

.
From the transition probability matrix, the probability that the system will transition from the healthy or

the warning state to the failure state between two consecutive epochs is 0.04 and 0.32, respectively. Recall

from Section 3 that the belief state value, π, is continuous in [0, 1]. We discretize the belief state into intervals

of 0.001 and find that smaller interval step sizes do not significantly affect the expected cost rate, λ. For

increased accuracy, but increased computation time, the interval step size may be decreased.

5.3. Implementation of the optimal policy varying external sensor information cost

In this section we show the optimal policy and the respective thresholds for different values of external

sensor information cost. We first consider the case for costless external sensor information, CS = 0. Recall

that, for CS = 0, the optimal policy consists of only two regions and one threshold, as π∗L = 0 and π∗U = π∗M .

The optimal actions are then to either acquire external sensor information, or to stop the system to perform

maintenance. We illustrate the resulting policy in Figure 2 with the value functions of the three actions.

For all values of the belief state, up to the preventive threshold π∗M = 0.772, it is optimal to solicit external

sensor information. When the belief state exceeds the preventive threshold, it is optimal to perform preventive

maintenance. The average long-run cost per running hour is λ∗ = 4.19.

As the cost for external sensor information increases, the decision to pay for external information is

postponed to a larger belief state, π, and the optimal policy becomes a three region policy. For the problem
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Figure 2: The optimal policy for CS = 0 consists of two re-

gions. Maintenance is performed at or after the cross-over

of the external sensor and the maintain value functions.
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Figure 3: The optimal policy for CS = 35 consists of three

regions. The policy is determined as the minimum of the

three different value functions.
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regions. The second internal sensor region is obtained for

belief state values between 0.703 and 0.720.
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Figure 5: The optimal policy for CS = 100 consists of

two regions. A similar policy is obtained for the problem

instance when external information is not available.

instance with CS = 35, we show the obtained value functions and the resulting thresholds in Figure 3.

The optimal policy consists of three regions. From the figure, it is optimal to continue system operation

with internal sensor information only (i.e., action one has the lowest value function) for a belief state π in

0 ≤ π < 0.081. For a belief state π in 0.081 ≤ π < 0.763, the optimal action is to pay for external sensor

information, action two. Finally, for a belief state of π ≥ 0.763, the optimal action is to perform preventive

maintenance, action three. The average long-run cost per running hour is λ∗ = 4.89.

For the problem instance with CS = 75, we show the obtained value functions and the resulting thresholds

in Figure 4. It may be seen that the optimal policy has a four region structure with three thresholds,

π∗L = 0.335, π∗U = 0.703 and π∗M = 0.720. The average long-run cost per running hour is λ∗ = 5.20. It

may be seen from Figure 4 that there is little difference in the obtained value functions for the same belief

states, π, between action one, to continue system operation as normal, and action two, to acquire external

sensor information, in the interval [π∗L, π
∗
M ). In fact, the average long-run cost per running hour for the

policy where it is never optimal to utilize external sensor information because it is too expensive, as seen in
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Figure 5, and all else kept constant, is λ∗ = 5.27. The cost is an increase of 1.35% when compared to that of

Figure 4, and the resulting optimal policy is shown in Figure 5. Also, the preventive maintenance threshold

is approximately the same, at π∗M = 0.717.

Figure 5 is similar to the instance where only internal sensor information is available and the problem

reduces to determining the optimal policy in the absence of any additional external sensor information. From

the increase in the average long-run cost per running hour in Figures 2 to 5, as the external sensor information

becomes more costly, our model always performs at least as good as the optimal CBM policy where external

sensor information is not available, although the cost benefit becomes negligible as CS increases.

Furthermore, the effect of an increase in external sensor information cost on the optimal policy structure

may be seen in Figures 2 to 5. Initially, for CS = 0, the optimal policy consists of two regions where the

actions are to either use external sensor information or to perform maintenance. As the external sensor

information cost increases, the optimal policy changes from two regions to three regions (Figure 3), where

the optimal action now also includes to continue normal system operation with internal sensor information

only. As the external sensor information cost continues to increase, the decision maker becomes less likely

to pay for external sensor information and a fourth region, the second internal sensor information region,

may appear, as in Figure 4. Finally, we know from Theorem 3 that the upper threshold π∗U , should it exist,

becomes smaller while the lower threshold, π∗L, becomes larger as external sensor informativeness increases.

We observe a similar effect on the thresholds as external sensor cost increases, until the optimal policy reduces

to two regions again (Figure 5). The two regions now consist of only using internal sensor information (due

to the high cost of external sensor information) or performing maintenance.

From Theorem 2, we have the special case where V 2(0) < V 1(0) < V 3(0), such that the optimal policy

reduces to at most three regions. Given that V 2(0) < V 1(0) holds, it is optimal to pay for external sensor

information when π = 0. Keeping our model parameters constant, but using CF = 3.5CM and CS = 15, we

obtain the optimal policy as shown in Figure 6. From the figure it may be seen that, for a combination of

a high cost of corrective maintenance and a relatively low cost of external sensor information, it is always

optimal to pay for external sensor information. Once the preventive maintenance threshold, π∗M = 0.612, is

reached, maintenance should be performed. The average long-run cost per running hour is now λ∗ = 5.33.

5.4. The value of external sensor information

We know from Sections 4 and 5.3 that, as the acquisition cost of external sensor information increases,

the decision maker is less likely to use such information in the system belief state prediction. Similarly, as the

informativeness of the external sensor information increases, the decision maker is more likely to pay for such

information. We now numerically investigate the value of external sensor information, and the willingness to

pay for it, for different levels of external sensor informativeness and cost.

We consider four different external sensor state-observation matrices of different informativeness. We use
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Figure 6: The optimal policy for the problem instance where CS = 15 and CF = 3.5CM consists of two regions. It is never

optimal to utilize internal sensor information.

the original external sensor state-observation matrix, G, and construct three other matrices. These are

G2 =

 0.58 0.42 0.00

0.03 0.10 0.87

, G3 =

 0.63 0.37 0.00

0.00 0.01 0.99

 and G =

 0.57 0.41 0.02

0.01 0.06 0.93

.
Eq. (10) holds for all values of the belief state π and threshold a ∈ [0, 1] between matrices G, G2 and G3.

While matrices G2 and G3 are more informative than matrix G, matrix G is chosen in such a way that a

decision maker may be indifferent between matrix G and the other three matrices depending on the cost of

the sensor information. In other words, according to the definition for informativeness, Eq. (10) does not

hold for all a ∈ [0, 1] and for all π ∈ [0, 1] for which a classification of informativeness may be made. Our

choice of indifference between G and matrices G and G2 allows us to illustrate how, in such a scenario and for

our problem setup, a decision maker’s preferences are dependent not only on the state-observation matrix,

but may actually change as the external sensor information cost change.

State-observation matrix G3 represents approximately perfect external sensor information. For G3, the

system is almost certainly in the healthy state when either observation one or two is obtained and almost

certainly in the warning state when observation three is obtained. Should observations from an external

sensor with state-observation matrix G3 be available and costless, it will never be optimal to choose action

one, to continue system operations with internal sensor information only. The resulting value functions are

plotted in Figure 7. From the figure, it may be seen that the preventive maintenance threshold increases to

π∗M = 0.798, in comparison to that of Figure 2 (0.772), due to the increased deterioration prediction accuracy

of G3 over G. The average long-run cost per running hour for the setting is λ∗ = 4.00, a decrease of 4.53%

from λ∗ = 4.19 in Figure 2. The decrease in cost per running hour when a decision maker has access to

information from G3, as opposed to G, illustrates the value of utilizing more informative sensor information.

We numerically determine the willingness to pay for the approximately perfect external sensor with state-

observation matrix G3. We find that the decision maker will be indifferent between acquiring external sensor

information from G3 and not soliciting it for CS = 139. We plot the resulting value functions in Figure 8. The

average long-run cost per running hour is λ∗ = 5.27, which is equivalent to the setting when only internal
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Figure 7: The optimal policy for the problem instance

where external sensor information is approximately perfect

and costless consists of two regions. Maintenance should

be performed at or after the cross-over of the external

sensor and the preventive maintenance value functions.
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Figure 8: The optimal policy for the problem instance

where external sensor information is approximately perfect

at a cost of 139 per observation consists of four regions.

The external sensor region, [π∗L, π
∗
U ) is small in comparison

to the two internal sensor regions, [0, π∗L) and [π∗U , π
∗
M ).

sensor information is available. The decision maker should therefore pay, at most, 139 per approximately

perfect external sensor observation from matrix G3 when the belief state is in [π∗L, π
∗
U ).

We numerically determine the effect on the optimal policy of changes in the cost of observations, CS ,

for each of the different external sensor state-observation matrices G, G2, G3 and G. The results are shown

in Figures 9 and 10. In Figure 9, the cost, CS , is shown on the vertical axis and the four different state-

observation matrices are shown on the horizontal axis. The figure shows the maximum cost that a decision

maker is willing to pay for an observation from each of the four different external sensor state-observation

matrices. For instance, we see that an observation from matrix G3 at a cost greater than 139, as represented

by the white region in Figure 9, will never be solicited and thus have no value to the decision maker. Figure 10

visualizes how the optimal policies change for the four different matrices as the cost, CS , increases from 0

to 145. Similarly to Figure 1, the white area represents the action to continue normal system operations

with internal sensor information only. The light grey area represents the action to pay for external sensor

information. The dark grey area represents the action of performing maintenance.

In Figure 9, the optimal policy in the white region consists of two actions, to continue normal system

operations with internal sensor information only, or to perform preventive maintenance. Such a two region

policy is visualized in Figure 10 for G at CS ≥ 105, for and G2 and G at CS ≥ 125, and for G3 at CS ≥ 145.

For sensor observations from matrix G3 at a cost between approximately 35 and 139, the light grey area

in Figure 9, it is optimal to sometimes make use of external sensor observations. The optimal policy will

consist of all three actions with at least three regions and at most four. The four region optimal policies are

clearly observed in Figure 10 at CS = 105 for G2 and at CS = 125 for G3. For sensor observations from matrix

G3 at a cost of less than 35, the dark grey area in Figure 9, it is always optimal to acquire external sensor

information until the preventive maintenance threshold is reached. The optimal policy will consist of two

regions and the allowable actions are to either acquire external sensor information, or to perform preventive
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given the external sensor informativeness. Acquiring external sensor information is sometimes optimal in the light grey area

and always optimal during normal system operations in the dark grey area.

maintenance. The policy is visualized for CS = 0 in Figure 10.

Similarly, from Figure 9, sensor information should not be acquired from state-observation matrix G2

at a cost of more than approximately 120, as visualized in Figure 10 for CS = 125 and 145. Additionally,

information should always be acquired from state-observation matrix G2 at a cost of approximately 30 or

less, as visualized in Figure 10 for CS = 0. For a sensor observation cost between about 30 and 120, it is

sometimes optimal to acquire external sensor information, as visualized in Figure 10 for CS = 50 and 105.

Note that the indifference in informativeness between matrices G, G2 and G is also visualized in Figures 9

and 10 and explained as follows. From Figure 9, it may be seen that the maximum a decision maker is

willing to pay for an external sensor observation from matrix G (visualized in Figure 10 for CS ≤ 125) is

more than for one from either G2 (approximately CS ≤ 120 and visualized in Figure 10 for CS ≤ 125)) or

G (approximately CS ≤ 100 and visualized in Figure 10 for CS ≤ 105). However, according to the dark

grey area of Figure 9, when it is always optimal to acquire external sensor information during normal system

operations, the willingness to pay for an external sensor observation from G or G2, approximately 25 and 30,

respectively, is higher than that for G, approximately 20. Information from G therefore becomes more valuable

as CS increases such that the decision maker begins to prefer G over G2 or G, confirming the indifference

between G and G2 or G. Finally, for CS = 0, the average cost for G is greater than for either G or G2 while, for

CS = 105 the average cost for G is less than for either G or G2 (Figure 10). The result is that the definition

for threshold a, and therefore informativeness according to Eq. (10), does not hold between the matrices.

5.5. The effect of multiple external sensors

In Section 5.4, we considered the impact of external sensor informativeness when only one external sensor

is available. In this section, we numerically illustrate the effect on the optimal policy when the decision maker

has the option to choose an observation from a predefined set of external sensors. We consider two different
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Figure 10: The optimal policy changes as the cost of external sensor information CS increases and is dependent on the state-

observation matrices, G, G2, G3 and G. At CS = 105 and CS = 125, state-observation matrices G2 and G3 both result in four

region policies, respectively. As CS increases up to 145, the optimal policy for all state-observation matrices consists of two

regions and will never utilize external sensor information.

settings under both equal and distinct acquisition costs. In the first setting (case one), the decision maker

has access to three external sensors with increasing levels of informativeness. These could be observations

from three separate sensors, or the third sensor could be a combination of the first two external sensors

which, when combined, generates a higher level of informativeness. In the second setting (case two), the

decision maker has access to three external sensors for which strict increasing levels of informativeness does

not necessarily hold. We describe the relevant optimal policies in greater detail in Appendix D.

For case one, we use state-observation matrices G, G2 and G3 from Section 5.4, each at a cost of 105. We

find that the optimal policy consists of three regions and only makes use of the most informative external

sensor option, G3. In line with Corollary 1, we obtain two thresholds, π∗G3 = 0.368 and π∗M = 0.734. The

average long-run cost per running hour for this setting is λ∗ = 5.18. The setting is similar to the problem

where the decision maker only has access to one external sensor, G3, at a cost of 105. For case two, we use

matrices G, G2 and G from Section 5.4, each also at a cost of 105. The optimal policy now consists of four
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regions with three thresholds. Information will be acquired from G with thresholds π∗G = 0.432, π∗U = 0.708

and π∗M = 0.722. The average long-run cost per running hour for this setting is λ∗ = 5.23.

We now consider distinct acquisition costs of 35, 45 and 55, respectively, for case one and 80, 100 and

105, respectively, for case two. Recall that, even though a decision maker is indifferent between the sensors

G and G or G2 in terms of informativeness, sensor G provides a more reliable prediction of when the system

is in a warning state. Information from G is therefore more valuable in determining when to stop the system

for maintenance when compared to G or G2, and hence we set information from G to be more expensive.

For case one, our results are as described by Corollary 1, which governs the maximum number of thresholds

for an optimal policy. The obtained thresholds are π∗G = 0.093, π∗G2 = 0.185, π∗G3 = 0.279 and π∗M = 0.776.

We find that information from G is acquired first. Once a general belief about the system belief state is

determined, information from G2 is chosen. When the system is believed to have sufficiently deteriorated to

be close enough to a transition into the warning state, information from the most expensive external sensor,

but most informative regarding the warning state, G3, should be acquired. The average long-run cost per

running hour is λ∗ = 4.88. For case two, we obtain similar results, except the optimal policy now consists

of a second region where the optimal action is to continue normal system operations with internal sensor

information only. The thresholds are obtained as π∗G = 0.376, π∗G2 = 0.505, π∗G = 0.593, π∗U = 0.709 and

π∗M = 0.721. The average long-run cost per running hour is λ∗ = 5.22.

For case one, the incremental cost advantage of access to multiple external sensors, at distinct costs, over

the single sensor problem is only 0.20% for each of the matrices G, G2 and G3. For case two, the incremental

cost advantage is 0.19% for G and 0.00%, for both G and G2. We have that access to additional sensors may

increase the number of thresholds in the optimal policy, such that each additional threshold increases the

cost savings. We note that these cost savings, as in the case for our investigated instances, may, however, be

quite small. It may therefore be that the minor cost savings achievable from multiple external sensors may

not outweigh the increased complexity of soliciting information from such sensors.

6. Conclusions

The Internet of Things allows for improved system deterioration state predictions in maintenance opti-

mization through combining observations from different sensors. In this work, we investigate the benefit of

the combined use of costly external sensor observations with existing internal sensor observations on CBM

policies for single component partially observable systems. While access to the external sensor observations

comes at a cost, such observations are more informative than internal sensor observations, providing more

accurate deterioration predictions.

We make two main contributions. Firstly, we analyze the structure of the optimal maintenance policy

and show that it consists of at most four regions. Secondly, we show the effect of increasing external sensor

informativeness on the optimal policy. The analysis allows us to investigate numerically whether, and how

much, a decision maker should be willing to pay in order to acquire external sensor observations of different
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informativeness. We also investigate the effect of access to multiple external sensors on the optimal policy.

We find that increasing the number of external sensors may reduce the average long-run cost per running

hour, while increasing the complexity of the optimal policy. The benefit in reduced cost may, however, not

be significant enough to justify investment in a more complex maintenance policy.

Our work provides an application for the acquisition of multi-sensor information in a sequential deci-

sion making problem. We acknowledge that our model is limited to only two working deterioration states.

Nonetheless, we believe that it provides insight into the use and value of multi-sensor techniques in main-

tenance. It can be beneficial for companies considering investing into Industry 4.0 sensor technologies for

maintenance optimization. Future work may include extending the model to include multiple components

with deterioration interactions to provide additional insights into the value of multi-sensor data.

Appendix A. Notation list

Table A.1: The list of frequently used notation abbreviations.

Symbol Meaning Symbol Meaning

{Xt, t ∈ R+} State process τ Decision epoch length

SX ∪ {2} State space n Epochs since maintenance

Tn = π Probability in warning state CS External sensor cost

Yn ∈ {1, 2, . . . ,M} = SY Internal sensor observation CF Corrective maintenance cost

Zn ∈ {1, 2, . . . , N} = SZ External sensor observation CM Preventive maintenance cost

D = (diy)2×M Internal sensor state-observation matrix λ Average long run cost rate

G = (giz)2×M External sensor state-observation matrix πL Lower sensor threshold

Q = (qij)3×3 Instantaneous transition rate matrix πU Upper sensor threshold

P (τ) = pij(τ) Transition probability matrix πM Maintenance threshold

R(t|π) System reliability φ(y, π) Conditional probability of y

G = {G0,G1,G2, ...,GW } External state-observation matrix set φ(z, π) Conditional probability of z

Appendix B. Proofs of Lemmas and Theorems

Proof of Lemma 1. The proof follows from Lemmas 1 and 2 in Kim & Makis (2013) and Lemmas 1, 2 and 3

in Maillart et al. (2018).

Proof of Lemma 2. For CF < CM , it is easy to show that V 3(π) > V 2(π) > V 1(π) for all 0 ≤ π ≤ 1, such

that it is never optimal to perform preventive maintenance.
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Proof of Lemma 3. For CS ≥ 0,

V 2(0)− V 1(0) = CS +
(
1− p02(τ)

)[∑
z

V (T (0|z))φ(z, 0)−
∑
y

V (T (0|y))φ(y, 0)
]

< 0,

for 0 ≤ CS <
(
1− p02(τ)

)[∑
z V (T (0|z))φ(z, 0)−

∑
y V (T (0|y))φ(y, 0)

]
.

Proof of Theorem 1. We prove the theorem by showing that the optimal policy consists of four convex subsets.

For π = 0, we know that V 1(0) < V 2(0) < V 3(0). For π = 1, we now show that V 3(1) < V 1(1) < V 2(1)

by first proving the first part of the inequality. The inequality is equivalent to V 3(1) = V (1). We know

that limm→∞ Vm(π) = V (π) exists. Since V 1(π) and V 2(π) are non-decreasing in π, V 3(π) is a constant and

CF > CM , there exists an optimal stopping time such that V (1) = limj→∞ Vj(1) = V 3(1) < V 1(1).

Next, we prove the last part of the inequality, V 1(1) < V 2(1). By Equations (15) and (16),

V 1(1)− V 2(1) = R(τ |1)
∑
y∈SY

V (T (y|1))φ(y, 1)−R(τ |1)
∑
z∈SZ

V (T (z|1))φ(z, 1)− CS

= R(τ |1)V (1)
∑
y∈SY

φ(y, 1)−R(τ |1)V (1)
∑
z∈SZ

φ(z, 1)− CS

= −CS

< 0,

which implies that V 1(1) < V 2(1). Thus for π = 1, V 3(1) < V 1(1) < V 2(1).

The above inequalities and Equation (13) imply that the region {π : V (π) = V 3(π)} is a convex subset

of [0, 1] of the form [π∗M , 1], for some 0 ≤ π∗M ≤ 1, and the region {π : V (π) = V 2(π)} is a convex subset of

[0, 1] of the form [π∗L, π
∗
U ], for some 0 ≤ π∗L ≤ π∗U ≤ π∗M , which completes the proof.

Proof of Theorem 2. The proof follows directly from Lemma 3 and Theorem 1.

Proof of Lemma 4. The proof follows from Theorem 4 in Whitt (1979).

Proof of Theorem 3. For condition 1, we use induction on the value function. Without loss of generality, let

V0(π) = Ṽ0(π) = 0, ∀π. Assume it holds for some k such that Vk(π) ≤ Ṽk(π), ∀π. If Vk+1(π) = V 3
k+1(π) or

Vk+1(π) = V 1
k+1(π), then Vk+1(π) ≤ Ṽk+1(π). For the case where Vk+1(π) = V 2

k+1(π), we need to show that

Ṽk+1(π)− Vk+1(π) ≥ Ṽ 2
k+1(π)− V 2

k+1(π)

= R(τ |π)
[ ∑
z̃∈Sz̃

Ṽk+1(T (π|z̃))φ(z̃, π)−
∑
z∈SZ

Vk+1(T (π|z))φ(z, π)
]

≥ 0. (B.1)
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We first let

Tn+1(π|∅) =
p01(τ)(1− π) + p11(τ)π

R(τ |π)

be the posterior probability that, given the current decision epoch is n, the system is in the warning state

should no sensor observation, either internal or external, be available at the next decision epoch. We have∑
z∈SZ

T (π|z)φ(z, π) =
∑
z̃∈Sz̃

T (π|z̃)φ(z̃, π) = Tn+1(π|∅). (B.2)

Using Equation (B.2) and since V (π) is concave, we can show that

T (π|z̃) ≥c T (π|z),

where ≥c refers to greater in the sense of second-order stochastic dominance (Shanthikumar & Shaked, 1994),

holds. Second-order stochastic dominance holds if, for all π and a in [0, 1],∫ 1

a

Pr(T (π|z̃) ≥ x)dx ≤
∫ 1

a

Pr(T (π|z) ≥ x)dx. (B.3)

From Lemma 4, T (π|z) is non-decreasing in z, ∀ π ∈ [0, 1], such that Equation (B.3) is equivalent to

z̃(π,a)∑
z̃=1

Pr(Z̃ = z̃)[T (π|z̃)− a] ≤
z(π,a)∑
z=1

Pr(Z = z)[T (π|z)− a]. (B.4)

We substitute Equation (7) into Equation (B.4) and obtain

π(1− a)

z̃(π,a)∑
z̃=1

g̃1z̃ − a(1− π)
(

1−
M̃∑

z̃=z̃(π,a)+1

g̃0z̃

)
≤ π(1− a)

z(π,a)∑
z=1

g1z − a(1− π)
(

1−
M∑

z=z(π,a)+1

g0z

)
,

for all π and a ∈ [0, 1], which is Eq. (10), the informativeness condition. It follows that T (π|z̃) ≥c T (π|z).

From T (π|z̃) ≥c T (π|z), the fact that V (π) is concave and Theorems 4 and 5 in Blackwell (1951), we have

that Inequality (B.1) holds, giving∑
z̃∈Sz̃

Ṽk+1(T (π|z̃))−
∑
z∈SZ

Vk+1(T (π|z)) ≥ 0, ∀π

and the proof for condition 1 follows.

For condition 2, since Ṽ 2(π) ≥ V 2(π) and, for values of π ≤ π̃L, we have that Ṽ 1(π) = V 1(π), it follows

that π̃∗L ≥ π∗L and π̃∗U ≤ π∗U holds. Since Ṽ 3(π) = V 3(π), the inequality π̃∗M ≤ π∗M follows directly from

condition 1, and the proof follows.

Proof of Corollary 1. Using Theorem 1 and, since CS,Gw−1
< CS,Gw holds for all the matrices in G, it’s

easy to show that V 3(1) < V 1(1) < V 2(1) ≤ V 2,G1(1) ≤ . . . ≤ V 2,GW (1), for π = 1. Since we have that

V 1(0) < V 2(0) < V 3(0) and V 1(0) < V 2,Gw(0) < V 3(0), where Gw ∈ G\{G}, it is easy to show, using

Theorem 1, that 0 ≤ π∗Gw ≤ π
∗
U for every Gw ∈ G\{G}.
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Appendix C. Solution algorithm

We use a binary search algorithm combined with a dynamic program to find an optimal policy for the

minimum λ. The algorithm is used to determine the thresholds for our numerical analysis in Section 5 and

is adapted from Kim & Makis (2013) and Maillart et al. (2018).

Step 0. Initialization

Choose ε > 0, λL and λU . Set m = 1.

Step 1. Value Initialization

Put λ = λL+λU
2

, V λ0 (π) = CM .

Step 2. Value Improvement

Calculate V λm(π).

Step 3. Evaluation

If maxπ
{
|V λm(π)− V λm−1(π)|

}
≤ ε, go to Step 4.

Else, put m = m+ 1 and go to Step 2.

Step 4. Stopping Criteria Test

If V λm(0) < −ε, put λU = λ and go to Step 1.

If V λm(0) > ε, put λL = λ and go to Step 1.

If |V λm(0)| ≤ ε, put λ∗ = λ, then, for each π, choose δε(π) ∈ argmina∈A
{

Vλ
m(π)

}
and Stop.

Appendix D. Investigation into multiple external sensor sources

We describe the analysis from Section 5.5, utilizing information from multiple external sensors, in more detail in

this Appendix. We investigate two cases. For case one, the decision maker has access to state-observation matrices

G, G2 and G3. For case two, the decision maker has access to G, G2 and G.
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Figure D.11: The optimal policy for the problem instance with external sensor matrices G, G2 and G3 at a cost of 105 each.

External sensor information is acquired from the most informative matrix, G3, only.

Figure D.11 illustrates case one at equal sensor costs of 105. From the figure, the thresholds are obtained as

π∗G3 = 0.368 and π∗M = 0.734. The average long-run cost per running hour is λ∗ = 5.18. In Figure D.12 we show the

results of case two at equal costs of 105. Observations from G are chosen for 0.432 ≤ π < 0.708. For 0.708 ≤ π < 0.722,
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Figure D.12: The optimal policy for the problem instance with external sensor matrices G, G2 and G at a cost of 105 each.

Information from matrix G, which is the most informative of the three matrices with respect to the probability of the system

being in the warning state, is advised for the majority of the belief state.

it is optimal to not solicit external information from any of the sensors. Maintenance is performed for π ≥ 0.722. The

average long-run cost per running hour for the setting is λ∗ = 5.23. In Figure D.13, we show results for case one at

distinct costs of 35, 45 and 55, respectively. For Figure D.14, we show results for case two at distinct costs of 80, 100

and 105, respectively. In Figure D.13, information is solicited from G3 for the majority of the belief state values. In

Figure D.14, we obtain a second region, 0.709 ≤ π < 0.722, where it is optimal to continue system operations with

internal sensor information only. The costs of Figures D.13 and D.14 are, respectively, λ∗ = 4.88 and λ∗ = 5.22.
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Figure D.13: The optimal policy for the problem instance of Figure D.11, but with sensor costs of 35, 45 and 55, respectively.

The most informative matrix, G3, is used for the majority of the belief state.
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